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In this report the steady-state near-resonant vibration of a 
holloH fluid-filled beam is considered. The energy dissipation caused 
by the beam-fluid interaction is approximated by introducing a viscous 
damping force into the Bernoulli-Euler beam eCJuation. A theoretical 
expression is developed for the displacement of the hollovt beam by 
solving this modified Bernoulli-Euler beam eCJuation. 
Tests are made using a cantilevered fluid-filled box to simulate 
a unit of beam-fluid length. The band-width technique is used to 
determine the incremental viscous damping coefficient from test data. 
A variety of fluids are used in the box to determine the effect of the 
fluid characteristics and fluid height upon the incremental damping 
coefficients. The tests show that in general filling the box with any 
volume of liquid increases its damping characteristics. An increase 
in the kinematic viscosity of the fluid will result in a corresponding 
increase in the equivalent damping factor of the systeM for the box 
full of a fluid. However, when the box is partially filled with fluid 
this factor will decrease. 
flegligible longitudinal fluid interaction is assumed for the 
continuous system, and the incremental damping coefficient determined 
from incremental test data is then used in the theoretical expression 
developed for the displacement of the hollo\'J beam. The analytical 
results thus obtained for the beam completely and partially filled 
with SAE 4mJ oil is verified experimentally. The measured magnifica-
tion factors near resonance deviate by no more than thirty percent 
i i i 
from the corresponding analytically determined magnification factors 
for all of the three cases selected. 
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NGr1ENCLATURE 
~ Cross sectional area of the beam 
= Density of the beam material 
= nodulus of elasticity of beam material 
= Bending rigidity of the beam 
= Length of the beam 
= Shear force 
= Time 






= Time dependent part of the displacement function in the 
nth mode 
= Time dependent part of the relative displacement 
function in the nth mode 
d2fnR(t) 
= dt2 
= General time dependent base acceleration 
= Peak base acceleration 
= Excitation frequency 
= nth mode shape function 











= n mode natural frequency for the beam system 
th 
= n mode damped natural frequency for the beam system 
= Density of the fluid 
= Viscosity of the fluid 
= Kinematic viscosity of the fluid 
= Weight of the empty box 
=Weight of the effective liquid in the test 
• Weight of the effective liquid per unit length of the 
beam 
=Actual weight of the liquid per unit length of the 
beam 
= Acceleration due to gravity 
= !Jatural frequency of the system in the incremental 
test 
= Relative Magnification Factor 
= Absolute Magnification Factor 
= Radius of the equivalent sphere 
= Reynolds' number 
• Amplitude of the harmonic oscillation 
= t1ass of the fluid inc1uded in the equivalent sphere of 
radius a 
= Uniform forcing function 
= flagnification Factor along the length of the beam 
I. I!HRODUCT ION 
Vibrating pipes, hollow beams and similar structural elements 
partially or fully filled with fluids are often encountered in 
engineering practice. In factories and power plants as well as in 
airplanes and ships vibratory motions may be transmitted to pipes 
which contain fluids. 
The design and analysis of most modern machinery and structures 
treats beam members.. t1any of these structures are in a dynamic 
environment -vth i ch may cause the beam members to experience 1 a rge 
vibratory amplitudes resulting in large stresses and fatigue damage. 
For many of these applications. a hollow section beam could be 
employed and an internal fluid could be used to dissipate energy, 
thereby reducing 1 arge vibratory amplitudes. 
1 
In this investigation an attempt has been made to describe simply 
the steady state near-resonant response characteristics of a hollo~t~ 
beam which is filled with a fluid. Fundamental to the investigation 
15 the supposition that a velocity term can be introduced into the 
Bernoulli-Euler beam equation to account for the energy dissipation 
caused by the beam-fluid interaction. To evaluate the coefficient 
for this velocity tenn an elemental length dx of the lJeam-fluid 
system is considered. It is assumed that there is negligible longi-
tudinal interaction bet\veen the fluid enclosed in element dx and the 
adjacent fluid elements. Hence. the quantity describing the fluid 
motion is the transverse displacement of the element. This assumption 
makes it possible to approximate the fluid motion and thus the energy 
dissipation for each incremental beam-fluid length by a narrm1 box 
element of similar geometry filled \'lith a fluid. Koval, et al. (1) 
have approximated the energy dissipation per unit volume of viscous 
fluid by this type of damping as a function of the velocity of vibra-
tion and fluid properties. The overall energy dissipation is due to 
generally combined linear and nonlinear effects. The attempt here 
has been to measure the effective energy dissipation and assign an 
equivalent viscous damping coefficient \thich \'tould cause similar 
effects. 
First, experiments were performed on a cantilevered fluid-filled 
box in the transverse vibration mode, to establish an equivalent 
viscous damping coefficient for a unit beam-fluid length. To 
2 
determine the effect of fluid properties and fluid height upon the 
incremental damping coefficient. a variety of fluids and fill levels 
were us~d. For the case of the box completely filled with fluids the 
measured energy di ss i pati on \'las compared to that predicted analytically 
by Koval. et al., The damping coefficients obtained experimentally 
\'Jere then used in the modified Bernoulli-Euler beam equation to obtain 
steady-state response of a fluid-filled beam near resonance. To 
verify the theoretical results thus obtained for the continuous beam, 
further tests were conducted on a hollow cantilever beam filled with 
fluid and the results were compared from the standpoint of magnifica-
tion factors at first mode resonance. For the cases compared, 
agreement was obtained to \tithin thirty percent. Oh'ing to the 
simplicity of the model and the restrictive assumption on fluid 
motion, this error was believed quite acceptable. 
A. Review of Literature 
The damping properties of moving containers filled \'lith 1 iquid, 
have been investigated from several viewpoints. 
Koval, et al .. (1) made an analytical study of the feasibility of 
attaching fluid filled rings and spheres to an oscillating cantilever 
beam. In their investigation they calculated the dissipation of 
energy by solving the Navier-Stokes equation to obtain an analytical 
expression for a damping factor of the system. 
Several experimental investigations (2,3,4,5,6) were carried out 
to obtain damping factors for fluid-filled systems~ 
3 
Bishop (2) and Gladwell (3) have given a comprehensive discussion 
of the whole field of resonance testing with a particular reference to 
the band-width technique. 
Ezzat (4) used the amplitude response method to measure damping 
factor of pipes fixed at both ends and completely filled \lith fluids 
and sands~ In his investigation, amplitude response curves were 
plotted by a forced vibration test for the mid-point of the pipe and 
the band-width techni ClUe Has used to determine overall damping factor 
similar to that used in a single spring-mass-viscous damper system. 
This investigation indicated that filling pipes with any material 
causes an increase in pipe•s damping characteristic8 
Sumner and Stofan {5) have investigated experimentally the 
damping characteristics of liquids in spherical tanks. The effects of 
kinematic viscosity, tank size and excitation amplitude on the damping 
of the first-mode slosh forces \'lere specifically examined. It is of 
interest to note that the damping factor was observed to be 
independent of the excitation amplitude in this investigation. 
Stephens, et al. (6) carried out an extensive experimental 
investigations on viscous damping in circular cylinders. The effects 
on damping of liquid depth, efflux rate, liquid amplitude, kinematic 
viscosity and tank size Here investigated, and an emperical relation-
ship for calculating the damping coefficient \·Jas obtained. 
4 
It 'r'/as found from the 1 iterature surveyed that the Hark of Koval, 
et al~ (1) is most closely related to the work presented in this 
report. The results of Koval's analysis have thus been used as a 
comparison for the present experimental investigation~ 
I L ANALYSIS 
A. Governing Differential Equation 
The uniform continuous system analyzed is the beam element 
described by the Bernoulli-Euler beam equation. 
During vibration of real systems, energy is dissipated in one 
form or another. To bring an analytical description of vibration 
problems into better agreement with actual conditions some damping 
mechanism must be included to account for energy dissipation. 
r·1ykelstad (7) and others have shown that the actual damping mechanism 
may not have to be rigorously accounted for, but that the use of an 
equivalent viscous damper which dissipates the same amount of energy 
per cycle as the actual dissipating mechanism in many cases, results 
in acceptable solutions .. t1oreover, a viscous damping force \rlhich is 
proportional to the first pmter of velocity leads to the simplest 
mathematical treatment. For this reason a viscous damping type model 
has been considered here. 
A governing differential equation of motion for the flexural 
vibration of the nonconservative beam v;as developed by introducing a 
viscous type damping force into the general Bernoulli-Euler beam 
equation. 
5 
Figure 1 shows a differential element of a beam in its transverse 
position. In the undeflected position the elastic axis of the beam 
1 i es a 1 ong the x-axi s v1i th the ends at x=O and x=L. 
When, as in the Bernoulli-Euler beam theory, shear deformation 
is neglected, the displacement of the beam at any cross section is 
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fully described by the displacement of the elastic axis and sho\'m as 
U(x,t)~ 
To determine the governing differential equation of motion for 
the flexural vibration of this beam, the forces and moments acting on 
an infinitesimal length element of the beam as shown in Figure l are 
first considered. 
The viscous damping force acting on an infinitesimal length 
element of the beam can be expressed as: 
F = -c lau(x,t)J damp [ at 
where C, the viscous damping coefficient, represents the damping 
(2 .1) 
7 
force per unit of velocity, per unit length of the beam. The negative 
sign indicates that the force is opposed to the motion. 
Referring to the free-body diagram, we can \'v'rite the equation 
for the transverse motion of the element as: 
or. in simplifying as, 
2 
+ l§_ _ pA ( X ) a U {X~ t) • C aU (X • t ) = O 
ax at at {2.2) 
Neglecting the rotatory inertia term due to rotation of the element, 
the moments must be in equilibrium, leading to: 
~1 + ~ dx - f1 - Sdx = 0 ax 
ar·1 s =ax . 
In elementary beam theory, the bending moment is taken to be propor-
tional to the curvature. If the slope 
au 
ax 
remains small during the motion (8): 
2 
t·1=-EI 30 • ~ 
Substituting the above relationships into Eq. (2.2), one obtains the 
8 
homogeneous equation of motion for the flexural vibration of a uniform 
beam, v1hich includes description of a damping mechanism as specified: 
4 2 EI a U(x,t) + c au(x,t) + pA a U(x,t) = 0 
ax4 at at2 (2.3) 
B. Homogeneous Solution 
A standard solution to the Bernoulli-Euler equation is based 
upon solving the homogeneous equation by separation of variables and 
using superposition of principal modes. This technique is used 
herein \'/hen a damping term is included. 
When the standard separation of variables solution of the form, 
U(x,t) = X(x) f(t) (2.4) 
is substituted into the homogeneous equation one obtains: 
4 2 
B2f(t) d"'TX(x) + 'r X(x) df(t) + X(x) ~ = 0 ~ dt dt 
and by grouping terms one obtains 
_ s2 d4X(x) • 1 It:" df(t) + d2f(~)J 
X'CXT dx4 trfT L' -ar- dt • (2.5) 
Since the left hand side of En,. (2.S) is independent of t, and the 
right hand side is independent of x, it follm-;s that each side must be 
equa1 to a constant, ->.. 2 ~ The follovlinq equiltions therefore may be 
written: 
~- [~t X(x) = 0 (2.6) 
2 
d, f(t) + C df(~) + A2f(t) = O 
dt2 dt 
(2. 7) 
The general solution of E~. (2.6) is qiven by: 
X(x) = P cosa x + Q sina x + R coshct x + S sinho. x (2.8) 
vrhere, 
(2.9) 
Equations for the determination of P, Q, R and S may be written using 
the appropriate homogeneous boundary condition. llontrivia1 solutions, 
pn' on. Rn• sn. may be determined to Hithin a multiplicative constant 
for discrete values of the separation constant, -A~, I;= 1, 2, ··~ • 
r-t 
Each of the solution functions, Xn, thereby defined is fully specified 
by the orthogonality condition: 
L 




J 2 = pXn(x) m = n 
0 
It is of interest to note that the mode shape function and ortho-
gonality condition for the system studied is of the same form as that 
of a conservative beam system. Thus, the auJition of the velocity 
term to the [)ernoull i-Euler equation does not alter the forn of the 
mode shape functions or the orthogonality condition. 
C. Forced Excitation Solution 
Two types of excitation are of general interest: an external 
time dependent force acting upon the beam, or motion of the base for 
fixed-fixed, fixed-free, and simply supported beams. In both of 
these types of excitation all of the principal modes may be excited, 
some to a greater extent than others. 
For an external time dependent unifonn force acting upon the 
beam, the homogenous equation of motion is modified to be: 
10 
(2.11) 
For the case in vthich the beam is excited by a known base dis-
placement U0(t) which has corresponding acceleration u13 (t), the homo-
genous equation of motion is modified by expressing the dbsolute 
displacement of the beam at any cross section x and time t, as a sum 
of the displace~ent of the beam relative to that of the base of the 
beam plus the displacement of the base, i.e., 
(2.12) 
where UR(x,t) is the displacement at cross section x and time t, 
relative to that of the base of the beam. Substituting Eq. (2.12) 
into [~. (2.3) gives: 
(2.13) 
11 
Here only the relative velocity of the fluid vlith respect to the sup-
ports of the beam was assumed to cause damping. Equations (2.11) and 
(2e13) are basically similar except that in Eq. (2.13) -U8(t) has 
replaced 
as the uniform forcing function. Hence. the solution to either case 
is provided by considering only Eq. (2.13) and suitably changing the 
appropriate system parameters. Here the solution to the base 
excitation problem has been carried out for the purpose of outlining 
the theory. 
For a continuous system there exists an infinite number of 
principal modes. The most general solution is obtained by the super-
position of the motions in each of the principal modes. Therefore, 
the form of the general solution for the forced vibration of the beam 
can be given by 
00 
UR(x,t) = l X R(x) f R(t) 
n=1 n n 
( 2.14) 
Where XnR(x) are the mode shapes of the beam relative to its base and 
fnR(t) is the accompanying time-dependent part of the solution. Sub-
stitution of Eq. (2.14) into Eqe (2 .. 13) gives 
B2 ~ X"" (x) f ( t) C ~ ( ) f ( ) 
n 
__ L1 nR nR + L XnR x nR t 
n=1 
00 
+ l XnR(x) fnR(t) = -UB(t) 
n=1 
(2.15) 
Multiplication of each side of Eqe (2.15) by XmR(x) and integrating 
it from 0 to L results in: 
From Eq. (2.6) a relationship for XnR(x) is 
Substituting this relationship into Eq. (2.15) one obtains. 
I (tn(t) + C fn(t) + A2 f (t)) 
n•l n n 
L 
= f- UB(t) xmR(x)dx. 
0 
L 





Substitution of the orthogonality condition given in Eq. (2.10) into 




J XnR(x) dx 
0 
nnR = (2.19) 
J x~R(x) dx 
0 
is the mode participation factor. 
For the case of a cantilevered beam excited at the base by a 




The mode shape functions for the fixed-free ends. are given in 
reference (9) as: 
X0 {x) • P n [cosha0 x - cosa0 x - '¥0 {sinha0 x - sinan x)J 
where. 
• 
and an is determined from relation cosan L coshan L = -1. 
Nonnalizing the shapes by requiring the maximum displacement to 
be unity. one can \'Jri te the norma 1 mode shapes as: 
Xn(x) • coshan x - cosan x - Yn(sinhan x - sinan x) (2.21) 
Equation (2.20) is one of an infinite set of uncoupled differential 
equations. It appears similar to the governing differential equation 
of motion for a single spring-mass-viscous damper system given in the 
form ( 7), 
•• • 2 2 
x + 2tewx + w x = w xstsin~t • (2 .. 22) 
By comparing Eqs. (2.20) and (2.22). one may Hrite the constant C for 
the modified Bernoulli-Euler beam equation as. 
(2.23) 
Upon substituting for the corresponding system parameters, the com-






The solution given in Eq. (2.24) consists of two parts, i.e., 
the homogeneous and the particular solutions. The homogeneous solution 
containing the exponential tenn represents the free vibration which 
decays with time and is referred to as the starting transient. The 
particular solution represents a motion with sustained amplitude 
called steady-state part of the solution. Usually the starting 
transient is of little interest and in the remainder of the discussion, 
only steady-state motion described by the term 
tnR(t~ P 
will be discussed. From the general fonn of the solution, 
00 
UR(x,t) = I X R(x) fnR(t) • 
n=l n 
Hence, the solution of interest becomes: 
QO n2u0 nnR sin(nt-sn) 




For a canti 1 ever beam the ratio of first mode frequency to 
second mode frequency is 6~25 and the corresponding rntio of nagnitude 
of first mode response to seconi r:nJe response for un i foru 1 oll.d i ng ; s 
0 .. 002. Therefore. only the fit·st mode Hill be considered u.nJ Ert. 
(2~27) may be suitably aprroximated by: 
n2u0 sin(nt-B1)n1 
J(>..i-s22) + (TI~)2 
(2.28) 
For the base excitation problem. the relative and absolute magnifica-
tion factors, respectively, are defined below: 




UR (x) + uo 
= 00 ~2:::A.l 
xlR(x) 'i ~ nl 
+ 1 = jp .. 2-S22)2 + (Cn)2 
·. 1 
(2~29) 
Equation (2.19) provides a first mode participation factor for 
the case being treated of 0~783. 
An IBM-360/50 computer was employed to establish the numerical 
values of the absolute ~agnification factor for the various cases 
using a computer program written to evaluate Eq. (2.29) for different 
frequency values near >.. 1• The results of this analysis were conpared 
with those measured experimentally. Tltis comparison is discussed in 
chapter IV. 
16 
I I I. EXPERH1GlTAL PROGRA!l 
A. Objective and Description 
The objectives of the test rrograrr1 are: 
1. To determine a per unit length e~uivalent damping coefficient 
for use in the analytical expression derived in the preceding chapter. 
2. To observe the nature of changes in this coefficient as 
fluid viscosity and fluid fill height is varied. 
3. To determine the response of a fluid filled continuous beam 
near first mode resonance for the purpose of comparison \'lith the 
results of analysis using the damping coefficient obtained under 
item 1. 
4. To determine effective fluid weight for each case considered. 
The cantilever beam box-element system v-1ith no fluid inside the 
box was first tested to calibrate the basic system, i.e., to establish 
the natural frequency and the equivalent viscous damping coefficient 
inherent to the basic system. A frequency response curve Has plotted 
in the vicinity of the fundamental mode frequency for the transverse 
vibration of the system. The test was then repeated with the box 
completely or partially filled with fluids, of different properties 
and frequency response curves were plotted and are shown in Appendix 
l3. From each of these curves an equivalent viscous damping factor 
was calculated using the band-width theory (3). To deterr.line the 
effect of the fluid associated dissipation only, the damping coeffi-
cient found for the basic system with no fluid was subtracted from 
that calculated with fluid. 
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To verify the appropriateness of the incremental damping 
coefficient as measured by the tests on a narrm1-box element, in the 
modified Uernoull i -Euler beam equation to describe the IJehavi or of a 
continuous fluid-filled beam, a check experiment was run. In this 
experiment magnification versus frequency was determined for a hollow 
fluid filled cantilever beam for the purpose of comparison with the 
analytically determined results. 
The experimental work was conducted on a 3500 pound-force 
HB C25HAA vibration exciter. A test fixture was designed to permit 
mounting the beam on the vibration exciter. Endevco piezoelectric 
accelerometers were used to measure the accelerations at desired 
points in the system. The signals from the accelerometers were moni-
tored on a Tektronix dual trace oscilloscope. A Beckman counter Has 
used to time the period of oscillation. 
Figure 2 shows the block diagram of the experimental apparatus 
used during the incremental tests on a cantilever beam box-element 
system. One accelerometer was mounted on the fixture head to measure 
the base acceleration. and another was mounted on the top of the IJox 
to measure its acceleration. The accelerometer signals were amplified 
and passed through a g-meter \-vhich indicated acceleration amplitude in 
g-units. The amplified signals from the accelerometers were simul-
taneously transmitted to the Tektroni c osci 11 oscope to monitor wave 
forms. 
Figure 3 shows a block diagram of the experimental apparatus 
used during tests on a uniform hollow double cantilever beam. 
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Figure 3 - Block diagram of experimental setup for tests on the hollow fluid-filled beam 
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1.0 ' 
between the base support and one end of the beam to measure the 
respective accelerations. The amplified signals from the accelero-
meters were passed through the g-meter and an oscilloscope as 
described in the incremental tests. 
The pertinent design parameters and details of the experimental 
apparatus used are discussed in Appendix A. 
il. Incremental Tests 
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The steel beam with the box rigidly attached at the end was 
placed in the fixture, as shown in FigA 4. All four fixture mounting 
bolts \'lere tightened to equa 1 torque. A torque wrench was used to 
verify that the bolt pressure remained constant during testing. For 
the length of the beam used the frequency of the cantilevered beam 
empty box system was 38.61 cps. The base excitation amplitude was 
adjusted in each case to a suitable level so that tip beam deflection 
was such that bending stresses at the root of the beam were never 
greater than 10 percent of the material yield stress. 
To start the test, the exciter was activated and time was allowed 
for the system to reach steady state. The frequency was then increased 
and the values of the steady state acceleration amplitude at the base 
of the beam and at the box, were recorded for each frequency setting. 
To time the period of oscillation the Beckman counter vtas used to give 
readings accurate to one ten thousands of a second. Each frefJuency 
setting was made in such a way so as to obtain a steady unit decrement 
in the counter reading. The frequency response data is presented in 
Appendix 13. The vibratory wave fonns at the fixture and !Jox \'lere 
Figure 4 - Cantilever beam box-element system 
mounted on the vibration exciter 
Figure 5 - Box element partially 




monitored on the Tektronic oscilloscope. This procedure was repeated 
\thile increasing and decreasing the frequency to assure consistency 
and repeatability of the recorded values. 
The test ~1as carried out with the box empty and \''lith the box 
partially or completely filled with a selection of fluids. Figure 5 
shows the box element used in the tests partially filled with water. 
An attempt v1as made to remount the accelerometers at the same places 
on the box and on the fixture when reassembling the apparatus. A 
selection of fluids ~1as used in the box to determine the effect of 
liquid characteristics as well as liquid height upon the damping 
. coefficients. The box was completely filled, 3/4 filled, 1/2 filled 
and 1/4 filled with the liquids of different viscosities. The fluids 
used included water and SAE lOW, 40W, and 90W oils. 
At some intermediate points during testing, duplicate runs \tere 
made to check the repeatability of the experiment. During this check 
me~surements of frequency and acceleration were found to repeat to 
within 3 percent. 
From the frequency response data obtained for the cantilever 
beam box-element system the magnification factor: 
. . . acceleration of the box 
Magnlflcatlon factor = acceleration of the fixture head 
was calculated and recorded for each data point. In Appendix B, the 
basic frequency response curves, produced during testing are plotted 
in the magnification factor form. 
The actual cantilever beam box-element system of Fig. 6a, was 
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Figure 6a - Cantilever beam box-element system 
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model, see Fig. 6b. The equivalent spring constant, l~e• of the 
system was found by substituting the experimentally deter~ined 
fundamental natural frequency into: 
f - 1 1 - 2-IT ' 
vthich gives, 
24 
K = 0 1025 W f 2 
e • e 1 1 b/in I (3.1) 
where W is the total effective weight at the end of the beam. When e 
the box is empty, the effective weight is given by Timoshenko (10) to 
be: 
33 l·Je • H + 140 (p) (A) (L) 
= 2.1976 lb 
Substituting this value of He into Eq~ (3.1) yields the value: 
K = 335 8 lb/in e ., .. 
An equi va 1 ent viscous damping factor \'tas ca 1 cul a ted from each 
frequency response curve on the basis of the band-Hidth of the curve. 
ECluivalent viscous damping is that amount of damping which vtould 
cause the same system amplitude as that resulting from the actual 
dissipation force in the system. It is convenient to use the equi-
valent viscous damping factor, ~e• as a measure of the equivalent 
viscous damping. To determine this factor by neans of the frequency 
response curve, such as the one shO\m in Fig. 7, r·1yklestad (7) has 
given the fo 11 O\'Ji ng rel at i onsh i p: 
p2-p1 














~2 Fre~uency ratio, r = -
w 
rigure 7 - Typical fre~uency response curve 
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v1here p1 and p2 are the frequency ratios corresponding to O. 707 :1 1 
and n1 is the magnification factor at resonance. For each experir.1ental 
case this dar11ping factor Has found by substituting the appropriate 
values from the frequency response curve into Eq. (3.2). 
The value of the spring constant, l~e' of the system determined 
before remains constant Hhen fluids are added to the box. This allm·1s 
one to determine the effective Height of 1 iquid, ~~el, for each case by 
substituting the experimentally determined fundamental frequency into: 
or 
f - e 1~( 1 - rrr. tlj79 
HT = f2 







~·1here WT = We + lJel is the tot a 1 effective weight at the end of beam 
when it is filled with a liquid. 
The damping coefficient for an equivalent viscous damper of the 
system in each case was then determined from the follol.'ling equation. 
(3A) 
\'/here 
and 'IJhere l:e is determined using experimental data and [q. (3.2). 




The results of the tests are presented in Table I and lre discussed 
in Chapter IV. 
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Table I - Results of the Incremental Tests 
t1agnifica- Band 
tion factor width ~e ce ~~ e 
1 b-sec/in. 
105.26 .01528 .00764 .02135 .00260 
85.57 .01938 .00969 .02752 .00465 
78.64 .02002 .01001 .02887 .00497 
165.85 .01134 .00567 .01657 .00063 
171.68 .01008 .00504 .01394 0 
107.49 .01438 .00719 .02006 .00214 
90.90 .01708 .00854 .02407 .00349 
85.71 .01760 .00880 .02480 .00375 
153.20 .01198 .00599 .01733 .00094 
~c e per 
~ce unit length 
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Table I - (continued) 
Band 
width t;e c e Llf; e 
lb-sec/in. 
.01382 .00691 .01930 .00186 
.01580 .00790 .02235 .00285 
.01660 .00830 .02373 .00325 
.01214 .00607 .01761 .00103 
.01008 .00504 .01394 0 
.01236 .00668 .01868 .00164 
.01556 .00778 .02200 .00273 
.01582 .00791 .02262 .00286 
.01236 .00618 .01795 .00114 
LlCe per 
LlCe unit length 

























C. llolloH Fluid-Filled Beam 
The incremental damping coefficient as measured in the preceding 
experiment \vas used in the modified Bernoulli-Euler beam equation to 
obtain steady state response of a fluid-filled cantilever beam near 
resonance. To verify the theoretically obtained results, a check 
experiment was run~ While any of the cases given in Table I could 
have been treated, the cases of the beam full, 3/4 full and 1/2 full 
with SAE 40W oil were selected for experimental and numerical checking. 
For the verification tests, the cantilever beam box-element 
system of the incremental tests was replaced by the hollow aluminium 
beam. The hollow beam was placed on the vibration exciter as shown in 
Fig. 8. The double cantilevered configuration was chosen to minimize 
any unbalanced moment on the exciter. The position of the beam \vas 
adjusted to obtain approximately equal acceleration levels at both 
ends. The base excitation amplitude was adjusted to a suitable level, 
and an attempt was made to obtain an average velocity at resonance 
along the length of beam approximating that seen by the fluid con-
tained in the box during the incremental tests. The average velocity 
along the length of the beam was determined by averaging the velocity 
at the base, half and end points of the beam. 
Frequency response data were olltained in the vicinity of the 
fundamental frequency of the system, for the t\tm end points and one 
point halfway between base and tip as described in the incremental 
tests. The beam \•las empty, completely filled, 3/4 filled and l/2 
filled with SAE 40W oil during these tests. 
Figure 8- Hollow fluid-filled beam mounted on 
the vibration exciter 
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From the frequency response data obtained for the hollm1 canti-
lever beam, magnification factors were calculated for the t\'IO points 
of interest, i~c., the midpoint and one end point. The basic experi-
mental frequency response curves, presented in terms of the magnifi-
cation factor, for the tests on the hollow cantilever beam are given 
in Chapter IV, \'lhere they are compared to ones outained theoretically. 
The natural frequency for the hollow continuous beam is given by 
the expression (8): 
For the case of the hollow beam filled with the fluid the expression 
for the natural frequency is modified as: 
EI 
wliquid 
Taking the ratio of two frequencies one obtains: 
(
wempty ) 2 = pA + Helpu 
wl. 'd pA 1qU1 (3.5) 
where, wempty is the natural frequency of the empty beam and wliquid 
is the corresponding natural frequency \'/hen the beam is filled with a 
fluid, as found experimentally. From this relation the effective 
weight of liquid per unit length of the beam, W 1 , and the ratio e pu 
~~lEu 
alpu 
\'tere calculated for each case. These results are discussed in 
Chapter IV and are shown in Fig. 16. 
IV. DISCUSSION OF RESULTS 
The main objective of this study is to evaluate the adequacy of 
the damping la\tl, 
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for a fluid filled beam near resonance under steady-state harmonic 
input, \'lherein C is determined from the incremental data. Also, the 
effect of fluid height and fluid viscosity on the incremental data was 
determined~ Two sets of experiments were performed: one using a 
narrow box-element to determine the incremental damping coefficients, 
and another on a hollow cantilever beam to compare with analytical 
solutions obtained with the modified Bernoulli-Euler equation. In 
the following paragraphs the results of the incremental tests are 
discussed. Likewise, a comparison of the experimental and theoretical 
results for the hollow cantilever beam filled with a fluid is given. 
A. Incremental Test 
From the plots of magnification factor versus frequency ratio, as 
shown in Figs. U.2, 8.3, B.4, and B.5 of Appendix U, it is seen that 
filling the box with any liquid decreases the value of the magnifica-
tion factor at resonance and the curve flattens. Both changes contri-
buted to an increase in the equivalent damping factor, ~e' of the 
system. r1oreover, it is found that when any 1 iquid is in the system, 
the minimum magnification factor and maximum band-width corresponds 
to the case when the box is approximately 3/4 full of a liquid, while 
the maximum magnification and minimum band-width corresponds to the 
case of the box completely full of liquid. 
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In Fig. 9 the values of the gain in the equivalent damping factor 
of the system, ~~ , are drawn versus the kinematic viscositv of the e ~ 
fluids~ It is found that when the box is full of fluid, a nearly 
linear increase in ~~e is obtained with an increase in the viscosity 
of the fluid. Ho~1ever, when the box is partially filled \·lith a fluid, 
6~e decreases nearly 1 inearly \'lith an increase in the viscosity of the 
fluid. The results obtained when the box is completely full of liquid 
follo\'IS the same pattern as that found by Ezzat (4) for the steady 
state vibration test on a pipe, fixed at both ends and completely 
filled with liquid. 
In Fig. 10 the rates of increase in the incremental damping 
coefficient, ~Ce for a unit length, are drawn versus the kinematic 
viscosity, v, of the fluid. From the graph it is revealed that ~/hen 
the box is full of fluid, an increase in ~Ce is obtained with an 
increase in the kinematic viscosity of the fluid.. However, with the 
box partially filled with fluid, ilCe decreases with an increase in the 
kinematic viscosity of the fluid8 
To explain Fig. 10, two kinds of damping mechanism may be thought 
of •. For the full box the energy dissipation may be principally 
attributed to interaction of fluid particles and for the box partially 
filled with liquid,energy dissipation is mainly due to fluid sloshing 
motion .. 
During the 1 i terature survey the author could not find any 
significant work to compare the results obtained for the partially 
filled box. However, the results obtained for the completely filled 
box were compared to that of Koval's results. Koval, et al. (1) have 
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analytically derived an expression to determine the energy dissipation 
of a fluid fi 11 ed sphere subjected to harmonic osci 11 at ion about one 
of its diameters as a function Reynolds' number of tbe syster.1. The 
result of this analysis is used as a check on the present experimental 
investigation when the box is cor.~plctely filled Hith various fluids. 
The energy dissipated per cycle by a viscous damping force has 
been determined by r~ykestad ( 7) as: 
( 4.1) 
The Reynolds' numuer for the fluid filled box \'tas approxir:mted by 
considering it as an equivalent sphere of radius 1.225 inches. This 
radius was selected on the basis of equal volune for ooth cases. 
Then the Reynolds' number of the fluid filled sphere \-Jas calculated as 
in (1): 
wa2 Reynolds' number = ---
v 
(4.2) 
The computed Reynolds' numbers and the corresponding normalized 
energy dissipation (energy dissipation per cycle per unit velocity 
squared per unit fluid mass) of an equivalent sphere filled with SAE 
lOW, 40W and 90W oil are given in Table II. The corresponding values 
of the normalized energy dissipation as obtained by Koval, et al. (1) 
are also included. These results are seen to compare well in view of 
the fact that Koval's results were analytically determined to 
describe dissipation in a rotating sphere, and the present results 
were experimentally detennined in an essentially translating Llox .. 
Figure 11 shows a plot of the percentage of effective fluid 
weight versus the level of the fluid for different fluids. From the 
Table II - Energy dissipation for an equivalent sphere 
Normalized energy dissipation 
(energy dissipation per cycle 
per unit velocity squared per Hormalized energy dissipation 
Reynolds' numoer unit fluid mass) for the equi- as obtained from Ref. (1), 
of the system valent sphere Fig. (2.2) 
2 11C n wa E=~ R =-
e \) t·1r 
5400 .0750 .058 
1292 .0792 .125 
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Figure 11 - Effective fluid weight - incremental tests 
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graph it is revealed that as the level of the fluid increases the 
effective mass of fluid becomes greater. Also, the effective fluid 
mass increases with increasing viscosity of the fluid. 
B. Solution to llollm·1 Fluid-Filled 8ear.1 
To justify the use of an incremental damping coefficient in the 
39 
modified Bernoulli-Euler equation to obtain a theoretical solution of 
a hollow beam filled with a fluid, the hollow cantilever beam full, 
3/4 full and 1/2 full with SAE 40W oil was examined analytically and 
checked experimentally. Theoreti ca 1 frequency response curves \Jere 
obtained by solving the modified Bernoulli-Euler beam equation with 
appropriate values of 'r. For the hollow beam filled v-lith a fluid 
this value of r is the sum of that due to empty beam plus the incre-
ment of C due to the fluid interaction. i.e., 
Figure C 1 of Appendix C, shows the basic frequency response 
curve taken during the test on the empty hollmv cantilever beam .. 
From this curve the equivalent viscous damping factor, 
~ = .00445 e 
\·Jas calculated on the basis of tile band-width of the curve. From Eq. 
(2.23) a relationship for r is: 
Therefore, 
t" = 2 ~e AI 
cbearn at first mode= (2) (.0045) (27T) (119.09) 
= 6.7472 1 sec .. 
40 
An increase in the value of C due to the fluid motion is a 
function of the fluid viscosity and fluid height. The gain in the 
damping coefficients for each unit incremental length of the beam-
fluid system has been determined experimentally by the tests on the 
narrow box-element and tabulated in Table I, for various combinations 
of fluids and fluid heights. From these results, the total value of 
C for a particular combination of fluid and fluid height is obtained 
as: 
That is, 
r :I 6. 7472 + 
~Ce per unit length 
(density of the beam) (cross section area) 
The value of C found above was used in Eq. (2.29), and a computer 
program Has developed to obtain the numerical value of the magnifica-
tion ratio H(x) for different frequencies in the vicinity of the 
fundamental frequency, A1• 
The theoretical frequency response curve for the empty beam was 
drawn by using C = 6.7472 in Eq. (2.29). Figure 12 presents the plot 
of theoretical magnification factor and measured magnification factor 
versus the non-dimensional frequency ratio, rr- In calculating these 
frequency ratios, the material properties assumed for aluminium beam 
are: 
elastic modulus, E ::z 10 x 106 psi 
and mass density, p = .098 lbs/in3 • 
To facilitate application of results to beams 'w'lith other material 




































• Measured data 
.94 .95 .96 .97 .98 .99 1.0 1.01 1.02 1.03 1.04 1.05 1.06 1.07 
Frequency ratio 
Figure 12a - Frequency response curve for the end point of the empty 
beam 
Theoretical data 
• r1easured data 
.94 .95 .96 .97 .98 .99 1.0 1.01 1.02 1.03 1.04 1.05 1.06 1.07 
Frequency ratio 
Figure 12b - Frequency response curve for the midpoint of the empty 
beam 
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frequency ratio, ~ 2 • Hhich does not depend onE and p. The plot sl!o\vS 
w 
that the measured and calculated values are in close agreement. 
Therefore, the use of only the first mode term in the modified 
Bernoulli-Euler beam equation to predict the frequency response curve 
in the vicinity of the fundamental frequency is justified. 
Table III of Appendix C, presents the measured and calculated 
values of the magnification factors for the case of beam 1/2 full of 
SAE 40W oil. The value of r to be used in Eq. (2.29) to find the 
calculated values of the magnification factors is determined as: 
c = cbeam + cfluid 
= 6.7472 + .00561 
= 30.3162 1 
-sec 
386 (. 098) {. 9375) 
{ from Tab 1 e I ) 
The values of the calculated and measured magnification factors for 
the end point and midpoint of the beam are plotted versus frequency 
ratios in Figs. 13a and l3b, respectively. It shows that for 
freCluency ratios less than 1 the measured values are smaller than the 
corresponding calculated values, while for frequency ratios greater 
than 1 the calculated values are hi!"Jher than the corresponding 
measured values for Goth the end point and midpoint of the beam. The 
maximum difference between the two values occurs at resonance. This 
difference is 25.5 and 26.1 percent for the end point and midpoint of 
the beam, respectively. 
Similarly, Table IV and V of Appendix C, shows the values of 



















0 1'1easured data 
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.93 .94 .95 .96 .97 .98 .99 1.0 1.01 1.02 1.03 1.04 1.05 1.06 1.07 
Freouency ratio 
Figure 13a - Frequency response curve for the end point of a beam 
1/2 full of SAE 40W oil 
Calculated data 
<!> t1eas ured data 
.93 .94 .95 .96 .97 .98 .99 1.0 1.01 1.02 1.03 1.04 1.05 1.06 1.07 
Frequency ratio 
Figure 13b - Frequency response curve for the midpoint of a beam 
1/2 full of SAE 40W oil 
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full and full with SAE 40U oil, respectively. These values of the 
calculated and measured magnification factors for the 3/4 full and 
full cases are plotted versus frequency ratios in Figs. 14a-14b and 
15a-151.>, respectively. It is found that the same pattern as that in 
the case of beam l/2 full \vith SAE 4mJ oil exists .. The maxir.lUm 
difference between the t\·lo values aqain occurs at resonance.. This 
difference is 29.2 and 28.95 percent for the end point and midpoint, 
respectively, for the 3/4 full case, and for the full case it is 26.0 
and 26.7 percent, respectively. 
Figure 16 shows a plot of the percentage of effective fluid 
weight versus the level of fluid for both the incremental tests on 
the box partially or completely filled with SAE 40W oil and for the 
cantilever beam. From the graph it is revealed that the incremental 
test predicted a slightly higher effective fluid \·Ieight for the 


























c: 15 0 
..... 
...., 








® tteasured data 
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.93 .94 .95 .96 .97 .98 .99 1.0 1.01 ~02 1.03 l04 1.05106 1.07 
Frequency ratio 
Figure 14a - Frequency response curve for the end point of a beam 
3/4 full of SAE 40W oil 
Calculated data 
G> ~1easured data 
.93 .94 .95 .96 .97 .98 .99 1.0 1.011.02 1.031.04 1.051.06 1.07 
Frequency ratio 
Figure 14b - Frequency response curve for the midpoint of a beam 


































e Neasured data 
46 
.93 .94 .95 .96 .97 .98 .99 1.0 1.01 1.02 1.03 1.04 1~05 1.06 1.07 
Frequency ratio 
Figure 15a - Frequency response curve for the end point of a beam 
full of SAE 40W oil 
--Calculated data 
0 Neasured data 
.93 .94 .95 .96 .97 .98 .99 1.0 1.01 1.02 1.03 1.04 1.05 1.06 1.07 
Frequency ratio 
Figure 15b - Frequency response curve for the midpoint of a beam 
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.65 
0 Data for beam filled with SAE 40W oil 
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Level of fluid 
Figure 16 - Comparison of the effective fluid weight 
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V. CONCLUSION 
The following conclusions are drawn from results of the investi-
gation described in the preceding chapters. These results are not 
intended for projection to conditions other than those named in these 
tests, although general trends appear to exist in these test results. 
1. The use of an incremental damping coefficient in the modified 
Bernoulli-Euler beam equation gives a reasonable approximation 
for predicting the steady state response of a fluid-filled beam 
near resonance. When compared with experimental results, the 
maximum deviation of the calculated magnification factor is equal 
to or less than thirty percent for the three cases selected; the 
maximum de vi ati on occurring at the resonance frequency. r1oreover. 
the incremental data generally tend to overpredict the magnifica-
tion factor for frequency ratios less than one, and for frequency 
ratios greater than one the data underpredict the magnification 
factor. 
2. The magnification factors predicted by using the incremental 
damping coefficient in the modified Bernoulli-Euler beam equation 
indi~ated excellent agreement to the measured values obtained with 
no fluid in the beam. This leads to the conclusion that the 
damping inherent to the basic beam system is \'tell described by the 
viscous damping model. However, for the fluid-filled beam the 
deviation of the analytically predicted results from the experi-
mental values indicates that the correct damping mechanism for the 
beam-fluid system is more complex than that described by the 
viscous damping model. 
3. In general, a hollow box with any volume of fluid exhillits more 
damping than the same hollow box element with no fluid. 
4. An increase in the kinematic viscosity of the fluid results in a 
corresponding increase in the equivalent damping factor, ~e' of 
the system \Jhen the box is completely filled \·dth a fluid. 
HO\'Iever, when the box is partially filled vlith a fluid, C: 
c 
decreases with an increase in the kinematic viscosity of the 
fluid (see Fig. 9). 
4Y 
5. An increase in the equivalent dar.~ping coefficient, Ce' is obtained 
\'lith an increase in the Uner:1atic viscosity of the fluid Hhen the 
box is completely filled Hith a fluid. Hovtever, \'then the box is 
partially filled with a fluid this coefficient decreases \·lith 
increasing kinematic viscosity of the fluid (see Fig. 10). This 
trend is similar to that indicated for the damping factor, C:e' of 
the system. 
6. For a given fluid, the minimum system response was obtained \then 
the box was nearly 3/4 full of a fluid and the response anplitude 
increases \'lith further decrease or increase in the 1 evel of the 
fluid. 
7. On the basis of hollow beam tests, for the beam completely and 
3/4 filled \tith S/\E 4mJ oil the system response amplitude 
decreases by a factor of .50 to .27, respectively, fror.1 that 
obtained for the basic system Hith no fluid. For the full case, 
it is expected that the factor • 50 vii 11 further decrease \'lith an 
increase in the kinematic viscosity of the fluid. H0\·1ever, for 
the 3/4 full case, the factor .27 will further decrease with a 
decrease in the kinematic viscosity of the fluid. 
50 
8. On tl1e basis of box-element tests 5 the effective fluid weight 
continually increases as the level of fluid increases, it also 
increases with increasing viscosity of the fluid. Also the 
incremental test predicted a slightly higher effective weight for 
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DESIGN AND SPECIFICATIONS OF TEST EQUIPt,1ENT 
I. Design of Test Apparatus 
A. Fixture 
A fixture Has designed to hold the beam so that a transverse 
vibration could be transmitted from the shaker head~ The fixture 
shown in Fig. A.1. consists of a 4 inch square by 2 inch thick 
aluminium block \'Jelded centrally to a 1.5 inch thick aluminium base 
plate 10 inches square. The floating head was made of 0.75 inch 
thick aluminium plate 4 inches square. Four 0.25 inch bolts were 
used on 2.5 inch centers to keep the beam in position beb1een the 
block and floating head. 
B. Box Element 
54 
A hollow rectangular box was mounted at the end of the steel 
beam. This system was chosen to duplicate an incremental beam-fluid 
length. Figure A.2 shows the hollm·1 aluminium box mounted at the end 
of the 20 inch long steel beam of 2 inches \'lide by 0.5 inches deep 
cross section. The box Has attached to the end of the beam by t\-10 
1/4 inch diameter bolts. For the purpose of observing the fluid., t\'10 
plastic side plates \'/ere scre\'led to the box. Filling the box \'lith 
various fluids \'las accomplished by removing a side plate .. 
~ 
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C. Continuous Hollow Beam 
Figure A.3 sho~;~s a hollm1 rectangular cross-section aluminium 
beam selected for the testing. The right end of the beam is completely 
closed. A screv1 plug is fitted at the left end and at the top of the 
beam for the purpose of filling the beam with various fluids. 
II. Shaker and Associated Equipment 
The f'1B model C25H air cooled vibrating exciter was used for the 
testing described. This shaker is capable of producing a sinus1odal 
mechanical vibration over the frequency range of 5-2000 cycles per 
second \'lith a force rating of 0-3500 force pounds and vlith a double 
amplitude table displacement of 0.5 inch for continuous duty. 
The shaker is eC']uipped \">'ith a MB model 252 power amplifier and a 
MB model fl695 oscillator llavinqan automatic displacement, velocity 
and acceleration servo control, over a frequency range of 5-5000 cps. 
III. Instruments For Recording Tests 
A. Accelerometer 
Three Endevco model l~o. 224C accelerometers [S/H vr1 93, Vfi 94, 
and HT 63} having a charge sensitivity of 11.6, 11.7 and 10.9 pc/g, 
respectively, \'/ere used to measure acceleration. The accelerometers 
were attached to mounting studs. Eastman 910 cement was used to 
install these studs onto the surfaces. This cement did not perform 
satisfactorily. It was found that bonding was lost between the 




































































































ll. Charge Amplifier and G-11eter 
Three Endevco roodel !Jo. 2710 GL charge amplifiers \Jere used in 
this investigation to amplify the accelerometer signal. The amplitude 
of the measured acceleration Has then determined by passinq this 
amplified signal through a g-meter having a range of 0.1 to 300 g's. 
c. Oscilloscope 
A Tektronix type 264 dua 1 trace storage osci 11 oscope \'las used in 
this investigation. The amplified signals from the accelerometer 
were transmitted to the oscilloscope to permit monitorinq of the 
vibratory \IJave shape. 
D. Universal EPUT and Timer 
To time the period of oscillation a ~eckman Universal Timer 
model tJo. 5230 Has used. The constant level output signal from the 
oscillator was fed to the Timer. 
IV. Calibration of Equip~ent 
The accelerometers v1ere checked for the specified sensitivity by 
the following procedure. 
The accelerometers v1ere mounted on the studs and the signa 1 s 
were fed to the charge amplifers after setting their sensitivity to 
match the sensitivity of the corresponding accelerometers, and the 
values of the measured acceleration were recorded. Then the signals 
\'Jere interchanged and again the sensitivities were matched and the 
values of measured acceleration vtere recorded. This was repeated for 
60 
all nine possible combinations of accelerometers and charge amplifiers. 
The readings obtained deviated very little. This showed that the 
accelerometers \vere \vithin their specified sensitivity. 
61 
APPENDIX B 
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Figure u.l - r1aqnification factor versus fref1uency ratio 
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Figure B.2 - r,1agnification factor versus frequency ratio for 
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Figure B.3 - ~1agnification factor versus frequency ratio for 
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Figure B.4 - Hagnification factor versus frequency ratio 
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Figure B.5 - Magnification factor versus frequency ratio for 
the box filled vii th SAE 90H oil 
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APPENDIX C 
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Figure C.1a - f1aqnification factor versus frequency ratio for 
the end point of the empty beam 
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Figure C.1b - t1agnification factor versus frequency ratio for 
the midpoint of the empty beam 
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Table III 
Data for the Beam 1/2 Full of SAE 40W Oil 
Frequency Theoretical value of Measured value of 
ratio magnification factor magnification factor 
[*) at at at at end point midpoint end point midpoint 
.9375 11 .. 84 4.68 10.10 4.51 
.9545 15 .. 72 "6 .. 00 12.76 5.30 
.. 9633 18 .. 72 7.01 15.16 5.83 
.9722 22.91 8 .. 44 17.86 6 .. 52 
.. 9812 28~71 10.40 22.45 8.21 
.. 9906 35.68 12 .. 77 31.05 11.33 
1.0000 39.65 14.12 49.95 17.80 
1.0095 36.32 12 .. 99 44~62 16.07 
1.0194 29.60 10.71 35.38 13.16 
1 .. 0396 19 .. 57 7.30 23.12 8.53 
1.0499 16.57 6.28 19.50 7.25 
1.0606 14.33 5.52 16.00 6.27 
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Table IV 
Data for the ~earn 3/4 Full of SAE 40W Oil 
Frequency Theoretical value of Measured value of 
ratio magnification factor magnification factor 
r~l) at at at at 
-I end point midpoint end point midpoint W; 
.9406 12.26 4.82 10.91 4.35 
.9568 16.06 6.11 13.36 5.08 
.9652 18.93 7.08 14.80 5.65 
.9736 22.67 8.35 17.00 6.32 
.. 9823 27.50 9.99 20.94 7.39 
.9910 32.58 11.72 28.89 9.87 
1.0000 35.27 12.63 46.30 16.29 
1.0090 33.21 11.63 42.06 14.87 
1.0183 29 .. 11 10.54 36 .. 21 12.87 
1.0277 23 .. 60 8.67 28 .. 60 10.32 
1.0472 16 .. 93 6.41 19.83 7.43 
L0673 13 .. 09 5.10 14.95 5.76 
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Table V 
Data for the Beam Full of SAE 40W Oil 
Frequency Theoretical value of rieasured value of 
ratio magnification factor magnification factor 
[~) at at at at end point midpoint end point midpoint 
.9378 12.25 4.82 10.21 4.78 
~9527 15~98 6.08 12.94 5.51 
.9680 22.97 8.46 18.42 6.80 
.9758 29.26 10.59 23.33 8.69 
• 9837 39.49 14.06 31.14 11.08 
.9917 56.11 19.71 46.93 15.65 
1.0000 69.71 26.33 86 .. 41 30.28 
1.0083 57.11 20 .. 05 69 .. 81 24.80 
1.0254 30.12 10.88 36.47 13.23 
1.0430 19.70 7.34 23.22 8.31 
1.0520 16.83 6.37 19.50 7.25 
1.0707 13.09 5.10 15.10 5.45 
